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Cerformal mapping is a classical technique which has
beeri utilized for sclving problems ir  aercdyramics arnd
hydradyramics for many years. Confarmal mappirng has been
successfully applied irn the corstruction of grids arocurnd
airfoils, erngine inlets and cther aircraft configuraticnms.
These shapes are trarnsformed onto a rear—circle image for
which the equatioms of fluid moticor are discretized or the
mapped plare and soclved nrumerically by uwtilizing the
appropriate techwiiques. I comparisernt to other grid-—
gereraticors technigues such as algebraic or differertial
type, coenformal mapping offers an amalytical and accurate
form evenn if the grid defcocrmation is large. Ore of the
mast appealing features is that the grid carn be constraired
to remain arthogomnal to the bady after the transformaticn.
Herce, the grid is suitable for arnalyzivigp the supersonic
flow past a blurmt cbject. The asscciated shock as a
caeordinate surface adjusts its position ivn the course of
computation until cormvegerice is reached.

Ivi the present study, conformal mapping techrniques have
beern applied to ar Aercbrake Body havirg an axis of
symmetry. Twa differert approaches have beer; utilized:

(1) Karman-Trefftz Transformaticr

(2) Point-Wise Schwarz-Christcffel Trarnsformaticn
Ivn both cases, the Rercobrake Boady was mapped onto a riear-
circle, and a grid was gererated in the mapped plare. The
mapped body and grid were thers mapped back into physical
space and the properties of the asscciated grids were

examirned, Advarntages ard disadvarntages of bath apprcaches
were discerrned.
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1. Intraductionr

A  problem of irnterest toa NASA irvolves the hyperscarnic
flcw past an aerabraking crbital trarnsfer vehicle. As
summarized by Li (1), several schemes have beern utilized to
simplify the rumerical treatmert of the prcablemn. R primary
simplification irnvaclves the mapping of the characteristic
mushroom shape of the aercobrake vehicle crto a riear—circle,
gerierating a grid, sclvirg the Navier—-Stokes equaticns in
the mapped plare, and subsequertly mapping the sclution
back intoc physical space.

In examinirng the features of the grids gerierated by
this proccedure, competitive alterrative methods have beern
re-discovered from elementary complex rumber theory. The
twe complemertary methods of interest in the present study
are as follocws:

(1) Karmar—Trefftz Trarsformaticn

(2) Point-wise Schwarz—Christoffel Trarnsformatiorn.

I the following brief report, both transfermaticns are
examined with respect to their suitability for transforming
the aercbrake vehicle teo a shape suitable for an existing

Navier—-Stcokes computer ccde, and corclusicorns and
recommerdations regarding the two trarnsformations are made.
Finally, in crder to pgairn deeper insight intoa the

trarnsformaticns, a simple square is alsc transformed by
bath methads, and the resulting grids examired as well.
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2. Karman=Trefftz Transformation
The Karman-Trefftz trarnsformation, which maps the z-

plare inte the w-plane, is pivenn by the fallowing
relaticrmship:

wl :(Z"w ' (1)
ZohY

Wil
where 2z represents the complex physical plare x+iy; w
represents the complex mapped plare u+ivy is a real
number to be defirned below; and h is a "hinge point,” which
is a paint in the vicinity of some point of interest on the
boady being transformed. The trarnsformatiornn has the
property of smoothing cut corrers on the physical beody,
facilitating the gereratiorn of a grid arcund the bady.
Each sharp correr on the body is smcothed cut inm turrn by
repeated applicaticrns of the currernt trarnsformatiorn to
every point on  the bady, each transfromation havirg a

specific value of h ard 8§ . The real riumber & is
evaluated as fcallows:

fy ar (2)

- 211"“;“

where o, is the irterior argle formed at a givern correr of
the physical bedye. Fallowirnng Moretti (2), repeated
applications of the tranmsformation are applied irn order of
ircreasirgd . In the following figures, trarnsformaticons
are applied to a mushroom—shaped Rercabrake Body. Naote in
particular the values for h arnd S for each
trarnsformnation. Also rote that the actuwal grid is
gerierated in the mapped plane, where the bcady has come to
resemble a near—circle, by constructing equiarngularly
spaced radial lires arnd their crthogornal complements. The
grid ard bady are thern mapped back irtoc physical space by
reversing the transformations. The computer program for
this process is listed in Apperdix 1.

Figure 1 shows the initial mushroom configuratiorn, with
the sharp corrmers riumbered in the corder to be trarnsformed.
Note that <the first arngle to be transformed is. the
perperndicular argle at point 1, sc the exporent in the
transformation is 2/3. The result of this first
transformatiornn is givern in Figure 2, where the the sharp
arigles at points 2 and 3 are seernn to persist, but the
corver at point I has now beer smocothed ocut. Agair the
perpendicular correr at 2 is chosen, sc the exparnent is
2/3, and the result of this transformation is showrn in
Figure 3. Finally, the correr at point 3 is transformed by

using arn exporent of 2, ard the riear—circle of Figure 4 is
cbtained.
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Next, equi-angular radial livies are canstructed fraom
the origin, as well as their crthogomal complemnernts, as

showrny irn Figure S. It is this set of poivits which are
mapped back inta the physical plare to become the grid in
physical space. At this point, morecver, it is ervisicred

that the flow past the RAercbrake bady could be cbtained
riumerically, utilizing an existing Navier-Stokes computer
ccade, Figures 6-8 shcw the resultirg mesh in physical at
successively improved levels of refiremert.
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3. Schwarz=Christoffel Iransformaticn

The basic idea for an altermative trarsformnaticn is
presented by Hall (3), wha refers tc it as a “paint-wise
Schwarz-Christaffel transformatior. ” Strictly speakirng,
hoewever, the transformation is simply a power-—1aw
trarsfornaticorn takers from elemerntary complex rumber thecry
(Spiegel {4)). Motivation for the trarnsformaticr is
preserited in Figure 3, where it is seers that points ar the
positive real axis in the physical plare remairn or the real
axis iv the mapped plare, while poirnts lying cr a ray at
argle in the physical plare are mapped ontc the riegative
real axis irn the mapped plare. Repeated applicaticors of
the transformation to every point on the physical bady
allows the mappirig of the physical bcody onto the real axis.
Finally, a grid can be gererated irn the mapped plare ard

mapped back inte physical space using the irnverse
transformnations. However, unlike the Karnmar—-Trefftz
trarnsformnaticr, the wutilizatiom of polar caordivates in

the mapped plare for grid gereration was fourd to preovide
infericor grid properties campared with the use of Cartesiar
cocrdinates in the mapped plare, because the axes ir the

mapped space do rnot correspond ta O=0 ard irn the
physical space. The following figures show that the arid
gererated is of wro practical use. A listirng of the

computer program utilized for the Schwarz-Christaffel
transformaticon is given in Apperdix 2.

Figure 10 shows the Aercobrake bedy inm its initial
crierntaticorn. -It has beern rotated with respect to Figure 1
sa  that the expornent in Figure 3 will be finite. The
camputer program ther calculates the angle which a lirne
fram point O to point 1| makes with the real axis, and
calculates the exporert for the first transformaticon. This
transformaticon results in the moving of poirnt 1 to the real
axis, as shown in Figure 11. Noate that poaint 2 has beern
"lost” in Figure 11, due to interpolation. A more refired
represertatiors of the body shows that this errcr carn be

made arbitrarily small. Alternatively, an improved
interpolaticon rautine will eliminate this prablem
altcgether, Next, point 2 is brought up to the real axis,

as shown in Figure 12, followed by the positioning of point
S on the real axis, as shown in Figure 13. Finally, point

4 is brought up to the real axis by yet ancther
transformation, whereupon the Kutta-Joukowsky
transformnation is applied to map the trarnsformed body ornta
a nrear—-circle, as shown in Figure 14, Now equi-angular
radial lires and their orthogernal complements are

constructed, as showrn in Figure 15. Now, however, wher the
resulting grid is mapped back irtc the physical plare, the
grid is seern to cverlap into the lcower half plare, as shcwr

in FfFigure 16. This is clearly arn urnacceptable grid for
computaticon.
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Figure 9--Power Law Transformation
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It is rnoted that the creatiorn of a grid in the mapped
plare utilizing polar cocordirates fails to gererate ar -
acceptable grid in the physical plare due to the coavering
of mcre than the upper half plare in the latter by the
upper half plare in the mapped plare. In crder ta cvercame
this shortcoming, varicus schemes were tried, ircludirig the
addition of a tail to the mushrcom in the physical plare,
alsc the utilizatiorn of a quarter circle in the mapped
plare instead of a semi-circle. The results of these
attempts are preserited in Figures 17-13, The introaducticnm
«f a singularity downstream of the mushrcom is evident. It
became evident that the intermediate utilization of the
Kutta~-Joukowsky transfcrmation to map the real axis orntc a
circle is riot appropriate for the poirt-wise Schwarz-
Christoffel transformatior. Rather, the grid is to be
gererated by Cartesian coordinates irn the mapped plare, as
shown irn Figures 20 and 21.
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4. Transformaticrn of a Sguare

As noted earlier, it was desired toa trarnsform a simpler
shape irn order to gain insight irntc the trarsformaticons, A
square was chasers for this effort, and the results are
preserited in the fcllowirg figures. Trerds similar ta
those cbserved for the mushroaom are roted.

Figure @22 shows the square after the first Karmarn—

Trefftz transformatior has beer applied. Orne correr has
beers smcoccthed cut, and one remains. Figure 23 shaws the
square after the secord correr has beers remcved. It is

this latter shape which is utilized in Figure 24 fcr the
construction of a palar grid, similar to what was dore in
Figure S for the Aercbrake body. Figure 25 shows the grid
after the first irverse trarnsformaticon, ard Figure 26 shaws
the firal grid in physical space.

The original sguare is shown in Figure =27, with the
paoint—-rumbering conventicn for the Poirnt-wise Schwarz-
Christoffel transformaticon. After mavirng point 1 down ta
the real axis, the square takes on the shape shown in
Figure 28. The riext transformatiorn moves point 2 up to the
real axis, as shown in Figure 233 followed by the
pesitioning of point 3 on the real axis as shown in Figure
30. Anain the Kutta-Joukowsky trarsformnatiorn is applied,
giving the near-circle shown in Figure 31, The polar grid
is constructed iwm Figure 32, and the first irnverse
trarnsformation yields the grid shown in Figure 33.
However, figure 34; which displays the result of the seccord
inverse transfoémation, irdicates trouble in that the prid
begins ta overlap itself. Figure 35, the grid in physical
space, shows that, althcugh the square has beer:
successfully mapped back intc physical space, the grid has
riot fared so well. Apparently, Figure 33 contains the
explanatiorn for the failure. Part of the grid in Figure 33
lies at ar argle with the real axis which is greater (Mcore
negative) tharm that of lire segment 2-3. It is this
perticn of the grid which carrct be successfully mapped
back irntoc physical space, probably because it is ocn arcther
brarich. Again, a Cartesian coordirnate system is
constructed in Figure 36, correspording to Figure 20 for
the Rercbrake bady. When this is mapped back intoc physical
spcae, Figure 37 results. The cdd shape of this grid at
infinity is clearly uriacceptable. Instead, a tail is added
to the sguare, both upstream and downstrean, and the
results are shown in Figures 38 and 33. The rear side of
the square has beern “lcst” agair, due to the interpclation
scheme, as car be seer by comparing Figures 38 and 33.
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8. Comclusicns and Recommendaticns

Table 1 summarizes the advarntapes and disadvantages of
the two transformations. It i1s seernn that both
complemnent ary advarntages arnd disadvartapes. Orie
disadvarntage of both transformations which is listed in
Table 1 refers to pocor rescolutiorn at concave corrers. This
is not a sericus disadvantage, at least for the flow past
the Aercobrake Bady, because the flow in this repgion is of
lesser interest.

Based on the results, the fallowing recommerndaticns are
offered:

have

1. The Karman-Trefftz transfocrmatiorn appears to be
best suited to finite bodies arcound which the entire flow
field is desired. The type of mesh which results urnder

this trarnsformation is arn 0" meshe.

. The point-wise Schwarz—-Christaffel tranmsformation
appears to be best suited to infinite bodies, or finite
bodies with larmpg trailing wakes. The type of mesh results

urider this trarnsfcocrmatiorn is a “C” mesh.
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